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GENERALIZED DONALDSON’S FUNCTIONALS AND RELATED
NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS
CHUANJING ZHANG AND XI ZHANG
Abstract. In this paper, we introduce a family of generalized Donaldson’s functional
on holomorphic vector bundles, whose Euler-Lagrange equations are a vector bundle
version of the complex k-Hessian equations. We also discuss the uniqueness of solutions
to these equations.
1. Introduction
Let (M,ω) be an n-dimensional compact Kähler manifold and (E, ∂E) be a holomorphic
vector bundle over M . For any B ∈ Ω2(End(E)), that is any End(E)-valued 2-form, we
denote




with k ∈ N and k ≤ n. For any given Hermitian metric H on E, we use DH to denote
the Chern connection with respect to the metric H and the holomorphic structure, and
FH is the curvature tensor of the Chern connection DH .
Let H0 be a fixed Hermitian metric on E and H(s) a path connecting metrics H0 and
another Hermitian metric H . For any integer 0 < k ≤ n, we introduce the following
generalized Donaldson’s functionals


















(1.3) ME,k(H0, H) = M0E,k(H0, H)−
∫
M














As it will be shown in §2, the functional ME,k(H0, H) is well defined, i.e. it is indepen-
dent of the choice of path H(s). Indeed, when k = 1, the above functional ME,1(H0, H)
is just the well-known Donaldson’s functional, which was introduced by Donaldson ([12],
[24]) in his groundbreaking work on the study of the Hermitian-Yang-Mills connection. In
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[12], it is an important observation that the Euler-Lagrange equation of the Donaldson’s




The solvability of the above equation has many interesting geometric applications. Moti-
vated by the study of the inequalities between Chern numbers, we introduce the general-
ized Donaldson’s functional by increasing the power for the curvature tensor FH , which
corresponds to higher order Chern classes.
In §2, we will show that the Euler-Lagrange equation of the generalized Donaldson’s









It is easy to see that, when k = 1, the above equation is just the standard Hermitian-
Yang-Mills equation (1.4). On the other hand, if (E, ∂E) is a line bundle, the equation
(1.5) reduces to the complex k-Hessian equation. Given this connection, we will simply
call the above equation as the vector bundle valued k-Hessian equation. In fact, such
type of equations were considered in various settings. When k = n, the equation (1.5)
is a vector bundle version of the complex Monge-Ampère equation introduced by Pingali
([40]) from the viewpoint of moment map, which generalizes the dHYM equations studied
in [10, 11] to vector bundles. When k = 2, equations as (1.5) also arise naturally in
the Hull-Strominger system from theoretical physics. One crucial equation in the system
is the so-called anomaly cancellation equation, which can be viewed as a constraint on
the second Chern class and it has similar form as (1.5). The system has been studied
extensively in recent years, see for example [14, 15, 21, 41–44, 47].
For the Hermitian-Yang-Mills equation (1.4), the classical Donaldson-Uhlenbeck-Yau
theorem ([39], [12], [56]) states that a holomorphic bundle admits the Hermitian-Einstein
metric if and only if it is poly-stable in the sense of Mumford-Takemoto. There are many
interesting and important works related ([1, 4, 6, 13, 20, 22, 25, 26, 29–34, 45, 46], etc.).
The complex Monge-Ampère equation has been the subject of intensive studies in the
past forty years, since the groundbreaking work by Yau ([55]) on the proof of the Calabi
conjecture ([7]). Many interesting works were carried out by many people in the past
several decades (see e.g. [3, 8, 9, 18, 19, 23, 35, 48, 49, 51–54]).
Given all the above nice connections mentioned above, we believe that it will be very
interesting to study the vector bundle version of the complex Hessian equation (1.5). In
this paper, we are going to study the uniqueness problem of the solution. Before doing
that, one has to address the issue about the natural set for the solutions as the Gärding
cone for the standard Hessian equation for functions (see for example [50]). However,
the situation here is much more complicated than the scalar case. In the following, the
space of Hermitian metrics on E will be denoted by Herm(E). For any Hermitian metric
H ∈ Herm(E), we denote
(1.6) SH(E) =
{






η ∈ SH(E) | sup
M










K ∈ Herm(E) | logH−1K ∈ SH,ǫ(E)
}
.
Now, we introduce a positivity condition, which is a natural generalization for the Γk
cone for scalar Hessian equation.
Definition 1.1. Let H be a Hermitian metric on the holomorphic vector bundle (E, ∂E)
over a compact Kähler manifold (M,ω). The curvature tensor
√
−1FH is said to be σk-





















We denote the set of Hermitian metrics whose curvature are σk-ω-positive on M by Hω,k.
It is a natural question whether the set Hω,k is indeed convex or not. That is, for any
two metrics K,H ∈ Hω,k, let H(t) be the geodesic connecting K and H , do we have
H(t) ∈ Hω,k? Indeed, if one can give a positive answer to the above question, by the
second variation formula (3.8) for the generalized Donaldson’s functional (1.3), one can
conclude that a solution H ∈ Hω,k of the bundle-valued complex k-Hessian equation (1.5)
attains an absolute minimum of the generalized Donaldson’s functional (1.3), and then
obtain the uniqueness of the solution. At present we can not prove the convexity of Hω,k.
Even if we can’t give a positive answer to the above question, we can still prove local
uniqueness of the solution of bundle version complex k-Hessian equation (1.5) and the
local minimum in the following theorem.
Theorem 1.2. Let (E, ∂E) be a holomorphic vector bundle over an n-dimensional compact
Kähler manifold (M,ω), H0 be a Hermitian metric on E. If H is a solution of equation
(1.5) and its curvature is σk-ω-positive on M , then there exists a small number ǫ such
that, for any H̃ ∈ BH,ǫ(E), we have
(1.10) ME,k(H0, H) ≤ ME,k(H0, H̃).
Moreover, if the holomorphic bundle (E, ∂E) is simple and K ∈ BH,ǫ(E) is another solu-
tion of (1.5), then there exists a constant a such that K = eaH.
For the special case k = 2, under the strongly σ2-ω-positive hypothesis (see the defini-
tion in §3), we obtain the following uniqueness theorem.
Theorem 1.3. Let (E, ∂E) be a simple holomorphic vector bundle over an n-dimensional
compact Kähler manifold (M,ω), H and K be two Hermitian metrics on E whose curva-
ture are strongly σ2-ω-positive on the whole M . If both H and K are solutions of (1.5)
for k = 2, then there must exist a constant a such that K = eaH.
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In the following, we want to discuss the k-stability of holomorphic vector bundles. First,
let us recall the definition of the Chern classes (Chern character class) of coherent sheaf
F . If the base manifold M is a projective manifold, there exists a resolution
(1.11) 0 → E1 → E2 → · · · → EN → F → 0
for each coherent sheaf F by locally free sheaves. The total Chern class c(F) is defined
by
(1.12) c(F) = c(EN )c(EN−1)−1 · · · c(EN−i)(−1)
i · · · c(E1)(−1)
N−1
.
The definition is indeed independent of the chosen resolution as proved by Borel and Serre
[5]. Over a non-projective compact complex manifold, the Chern classes of a coherent sheaf
can be defined by the classes of Atiyah-Hirzenbruch ([2], see [17] for details). Note that on
a non-projective compact complex manifold, a coherent sheaf does not necessarily have a
global resolution via locally free coherent sheaves. Atiyah and Hirzebruch [2] circumvent
this problem by using real-analytic functions. Using Grauert’s results [16], they prove
that, by taking tensor with the sheaf AM of germs of real analytic functions on M , there
is a resolution by real analytic vector bundles
(1.13) 0 → E1 → E2 → · · · → EN → F ⊗OM AM → 0,
where E ′is are real analytic complex vector bundles. Then we can define the total Chern
class c(F) as that in (1.12). The definition is also shown to be independent of the choice
of resolution. By the way, we can obtain the definition of the Chern character classes







Definition 1.4. Let (M,ω) be a compact Kähler manifold, and E be a torsion-free co-
herent sheaf over M . E is called k-ω-stable (semi-stable), if for every coherent sub-sheaf
F →֒ E of lower rank, it holds:
(1.15) µk,ω(F) =
degk,ω(F)
rankF < (≤)µk,ω(E) =
degk,ω(E)
rankE .
When k = 1, k-ω-stability is just the stability in the sense of Mumford-Takemoto,
and is MA-stability ([40]) when k = n. Following the classical Donaldson-Uhlenbeck-
Yau theorem, it is natural to conjecture: Let (E, ∂E) be a simple holomorphic vector
bundle over a compact Kähler manifold, and the set Hω,k is non empty. Then E admits
a Hermitian metric H satisfying the bundle valued complex k-Hessian equations (1.5) if
and only if it is k-ω-stable.
This paper is organized as follows. In Section 2, we prove that the generalized Donald-
son’s functional is well defined, and give the first variation formula of this functional. In
section 3, we give the proof of theorem 1.2 and theorem 1.3.
Acknowledgements: The authors would like to thank Xiangwen Zhang for many helpful
discussion.
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2. Generalized Donaldson’s functionals
Let (M,ω) be an n-dimensional compact Kähler manifold and (E, ∂E) a holomorphic
vector bundle over M . Given any two Hermitian metrics H0 and H on bundle E, let
h = H−10 H ∈ Γ(End(E)).(2.1)
It is easy to check that
(2.2) h∗H0 = h∗H = h,
(2.3) DH = DH0 + h
−1∂H0h
and
(2.4) FH = FH0 + ∂(h
−1∂H0h).
Moreover, we can prove the following lemma
Lemma 2.1. The functional ME,k(H0, H) is well defined, i.e. it is independent of the
choice of path H(s).
Proof. Let H(τ, s) be a two-parameter family of metrics such that
H(τ, 0) = H0 and H(τ, 1) = H,
where τ ∈ (−ǫ, ǫ), s ∈ [0, 1]. Then, H(0, s) and H(1, s) are two paths connecting H0 and
H . Let
h(τ, s) = H−10 H(τ, s).


















































































































































This shows that the functional ME,k(H0, H) is independent of the choice of path H(s).
Therefore, we only need to prove the claim (2.7).





































































































































By direct calculation, one can check that
tr {(
√












































































































So (2.11), (2.12) and (2.13) imply the claim (2.7).










Let H(t) be a family of metrics on E. We can consider two parameter family of metrics





































Then we have the following lemma.
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Lemma 2.2. The Hermitian metric H is a critical of the functional ME,k if and only if
it satisfies the equation
(2.16) Ψk(H)− λE,kIdE = 0.
By the definition of ME,k and choosing a special path, it is easy to obtain the following
lemma.
Lemma 2.3. (1) For any metrics Hi, i = 0, 1, 2, we have:
(2.17) ME,k(H0, H1) +ME,k(H1, H2) = ME,k(H0, H2).
(2) ME,k(H, aH) = 0 for any positive constant a.
3. Some unique results
In this section, we consider the uniqueness of the solution to the equation (1.5). Let K
and H be two Hermitian metrics on the bundle E. Set
(3.1) s = logH−1K.


















= ∂E(∂Hs)− (∂Es) ∧ (h(t)−1∂Hh(t))− (h(t)−1∂Hh(t)) ∧ (∂Es)
−s∂E(h(t)−1∂Hh(t)) + ∂E(h(t)−1∂Hh(t))s,
where h(t) = H−1H(t) = ets.
From above identities, we obtain
∂
∂t





≤ 2|∂E(∂Hs)|H |∂E(h(t)−1∂Hh(t))|H + 4|∂Es|H |h(t)−1∂Hh(t)|H |∂E(h(t)−1∂Hh(t))|H
+4|s|H|∂E(h(t)−1∂Hh(t))|H .
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≤ (|∂E(∂Hs)|H + |∂Hs|H)e−4t(|s|H+|∂Es|H),
where ǫ is a positive number. Integrating the equality (3.6) from 0 to t, and letting ǫ → 0,
we obtain




Proof of Theorem 1.2.




















































Let H and K be two Hermitian metrics on E, and H(t) = Hets the geodesic connecting



























By the assumption that H is a Hermitian metric whose curvature is σk-ω-positive on










−1FH)i ∧ ξ∗H ∧ (
√
−1FH)k−1−i ∧ ξ] ≥ δ|ξ|2ω,H
ωn
n!










−1FH(t))i ∧ ξ∗H(t) ∧ (
√
−1FH(t))k−1−i ∧ ξ](3.12)




where Cǫ is a constant depending only on ǫ and supM |FH |ω,H , and Cǫ → 0 as ǫ → 0. When
ǫ is small enough, (3.12) implies that every H(t) is a Hermitian metric whose curvature













for every t ∈ [0, 1].
By the assumption that H is a solution of the equation (1.5), (2.15) implies that
d
dt
ME,k(H0, H(t))|t=0 = 0
and then d
dt
ME,k(H0, H(t)) ≥ 0 for every t ∈ [0, 1]. Hence we know that
(3.14) ME,k(H0, H) ≤ ME,k(H0, K)
for every K ∈ BH,ǫ(E) when ǫ is small enough, i.e. H is a local minimum point of the
generalized Donaldson’s functional (1.3).
Furthermore, if K ∈ BH,ǫ(E) is another solution of (1.5), (3.13) implies ∂Es ≡ 0, i.e. s
is a holomorphic section of End(E). Under the assumption that the holomorphic bundle
(E, ∂E) is simple, we know that s = aIdE, and then K = e
aH .
Set h = K−1H and recall that
(3.15) DH −DK = h−1∂Kh, FH − FK = ∂E(h−1∂Kh).
10











































In the following, we will focus on the case k = 2.
Definition 3.1. Let H be a Hermitian metric on holomorphic vector bundle (E, ∂E) over
a compact Kähler manifold (M,ω). H is said to be strongly σ2-ω-positive at a point
p ∈ M if its curvature
√
−1FH satisfies that, for every non-zero locally End(E)-valued













−1tr [ξ∗H ∧ (
√
−1FH) ∧ ξ]|p > 0.
We recall the definition of Nakano positivity and dual Nakano positivity.
Definition 3.2. A Hermitian metric H on the holomorphic vector bundle (E, ∂E) is said







)uα, uβ〉H > 0.
A metric H is said to be dual Nakano-positive, if for any nonzero n-tuple {vα}nα=1 of







)vβ, vα〉H > 0.
In [27], Liu, Sun and Yang found some Hermitian metrics that are both Nakano positive
and dual Nakano positive. In the following, we will show that Nakano positivity implies
(3.17) and dual Nakano positivity implies (3.18), i.e., we obtain the following lemma.
Lemma 3.3. Let (E, ∂E) be a holomorphic vector bundle over an n-dimensional compact
Kähler manifold (M,ω), H be a Hermitian metric on E. If H is Nakano-positive and
dual Nakano-positive, then H must be strongly σ2-ω-positive.
Proof. Let ξ be an End(E)-valued (0, 1)-form. Choose suitable coordinates such that
ω =
√
−1dzα ∧ dz̄α, ξ = ξβ̄dz̄β, FH = Fαβ̄dzα ∧ dz̄β ,
11




















































(〈Fαᾱ(ξβ̄)∗H(ei), (ξβ̄)∗H(ei)〉 − 〈Fαβ̄(ξβ̄)∗H(ei), (ξᾱ)∗H(ei)〉





where {ei}ri=1 is a unitary frame of E with respect to the metric H . For every α < β, set
u = (u1, · · · , un), uα = (ξβ̄)∗H(ei), uβ = −(ξᾱ)∗H(ei), uγ = 0 for γ 6= α and γ 6= β. If the







(〈Fαδ̄(ξβ̄)∗H(ei), uδ〉 − 〈Fβδ̄(ξᾱ)∗H(ei), uδ〉)
=〈Fαᾱ(ξβ̄)∗H(ei), (ξβ̄)∗H(ei)〉 − 〈Fαβ̄(ξβ̄)∗H(ei), (ξᾱ)∗H(ei)〉
− 〈Fβᾱ(ξᾱ)∗H(ei), (ξβ̄)∗H(ei)〉+ 〈Fββ̄(ξᾱ)∗H(ei), (ξᾱ)∗H(ei)〉.
(3.22)
From (3.21) and (3.22), we see that (3.17).
12
















































(〈Fββ̄ξᾱ(ei), ξᾱ(ei)〉 − 〈Fβᾱξβ̄(ei), ξᾱ(ei)〉





For any α < β, set v = (v1, · · · , vn), vα = ξβ̄(ei), vβ = −ξᾱ(ei), uγ = 0 for γ 6= α and







(〈Fαδ̄vδ, ξβ̄(ei)〉 − 〈Fβδ̄vδ, ξᾱ(ei)〉)
=〈Fαᾱξβ̄(ei), ξβ̄(ei)〉 − 〈Fαβ̄ξᾱ(ei), ξβ̄(ei)〉
− 〈Fβᾱξβ̄(ei), ξᾱ(ei)〉+ 〈Fββ̄ξᾱ(ei), ξᾱ(ei)〉,
(3.24)
then (3.23) and (3.24) mean (3.18).






















































































{|h− 12∂Eh|2H + |∂Ehh−
1
2 |2K}ωn
for some positive constant c̃, and then
(3.27) ∂Eh = 0.
The simplicity of (E, ∂E) gives us h = e
−a IdE, and then K = e
aH .
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